Abstract. Hysteresis is an effect by which the order of previous events influences the order of subsequent events. Hysteresis phenomenon of supersonic internal flows with shock waves has not yet been clarified satisfactorily. In the present study, experiments are carried out on internal flow in a supersonic nozzle to clarify the hysteresis phenomena for the shock waves. Flow visualization is carried out separately on the straight and divergent channels downstream of the nozzle throat section. Results obtained were compared with numerically simulated data. The results confirmed hysteresis phenomenon for shock wave in the Laval nozzle at a certain specific condition. The relationship between hysteresis phenomenon and the range of the rate of change of pressure ratio with time was shown experimentally. The existence of hysteretic behavior in the formation, both the location and strength, of shock wave in the straight part of the supersonic nozzle with a range of pressure ratio has also been confirmed numerically.
Introduction
Hysteresis in general may be defined as the phenomenon of the lagging of an effect behind its cause or in other words an effect by which the order of previous events influences the order of subsequent events. In this phenomenon two (or more) physical quantities bear a relationship which depends on prior history. Hysteresis was initially thought off as a problematic phenomenon, but is now widely recognized as significant in engineering and technology. Hysteresis phenomena in fluid flow systems have become a topic of research off late for the large variety of applications in which they are encountered. This phenomenon is well known for external flows such as reflection of shock waves in supersonic jets. Researchers have already clarified that when the high-pressure gas is exhausted to atmosphere from the nozzle exit, the Mach disk is formed in the expanded supersonic jet at a specific condition. The jet structure is a well known fundamental phenomenon in supersonic fluid mechanics. This type of jet is very important for some industrial devices (1, 2) . Teshima (3) has suggested the possibility for hysteresis in the supersonic jet formed by a rectangular orifice. Chpoun and Ben-Dor (4) numerically confirmed the hysteresis phenomenon in the regular to the Mach reflection transition in steady flows. Since then many researchers have proven the existence of hysteresis phenomenon in the interference form of the shock wave in the flow.
On the interference form of oblique shock wave of two-dimensional flow, the hysteresis phenomenon on the mutual transition of the regular reflection and Mach reflection is mainly reported from the relationship between Mach number and incidence shock wave angle of the flow (4, 5, 6, 7, 8) .
Gribben et al. (9) have shown for the circular jet that the hysteresis exits on the relation between the location of Mach disk and pressure ratio, and this phenomenon is influenced by the time history effect of plume development. Recent studies reported that in two-dimensional supersonic jet, the hysteresis phenomenon for the reflection type of shock wave occurred under the quasi-steady flow of jet and the transitional pressure ratio between the regular reflection and Mach reflection is affected by this phenomenon (10, 11, 12) . Irie et al. (13) , observed such hysteresis phenomenon of the under expanded dry air jet is produced during the transient processes of jet pressure ratio, in which the jet flow obtained in the startup transient is different from that in the shutdown transient. Kim et al. (14) , have investigated the effect of nonequilibrium condensation on hysteresis phenomenon of under expanded moist jets and found that the under-expanded moist air jet leads to less hysteresis of the jet, compared with the dry air jets. However, the hysteresis phenomenon of a supersonic internal flow for shock waves is yet to be clarified satisfactorily. From previous experimental and numerical studies, it is understood that the shock wave exist in the supersonic part of a Laval nozzle and in some cases normal shock is also formed which results a sudden rise in temperature across the shock. The nonhomogeneous temperature increase across the shock, caused by the boundary layer thickening ahead of the shock and the resulting precompression prevents the quasi 1-D evolution of the flow downstream (15) . Additionally, due to multiple boundary layer interactions the single shock disintegrates into a so called pseudo-shock system; i.e., into a sequence of periodic weak compression and expansion regions (16) . On increasing the nozzle pressure ratio, the shock position is moved towards the nozzle exit. The occurrence of the reverse of this phenomenon is also true. Therefore, it calls for experimental as well as numerical investigation on the hysteresis phenomena for the shock wave in a supersonic nozzle.
The objective of the present experimental study is to clarify the hysteresis phenomena for the shock wave in a supersonic nozzle. Relationship between hysteresis phenomenon and rate of the change of pressure ratio with time is also discussed. Influence of the hysteresis phenomena on the location of shock wave in the nozzle was also studied. The results obtained were compared with numerically simulated data.
Experimental Work
The schematic diagram of the experimental apparatus is described in Fig. 1 . The apparatus consisted of an air compressor, air drier, air reservoir, electronic control valve, plenum chamber and the nozzle. Plenum chamber is placed upstream of the nozzle. The test section is placed downstream of the nozzle throat and optical glass windows are installed on both the side walls of the test section for flow visualization. Fig. 2 shows the detailed nozzle configuration used in the present work. The nozzle was designed using the method of characteristics. The design Mach number of supersonic nozzle is M e = 2.0 with the throat and exit diameters of D t =6.0 and D e =10.0 mm, respectively. In the present experiments, pressure ratio was continuously changed with time using the electronic control valve. The symbol, p 0 and p b represent the stagnation pressure of the plenum chamber and back pressure (atmospheric pressure), respectively. For shock wave in the straight part of the nozzle (Case 1), the range of pressure ratio was from 2.16 to 2.86. For shock wave in the divergent part (Case 2), it is from 1.42 to 2.02. The rate of the change of pressure ratio with time is from 0.107 (1/s) to 0.437 (1/s) for Case 1 and from 0.112 (1/s) to 0.338 (1/s) for Case 2.
Compressed dry air is discharged from nozzle exit through the plenum chamber. The flow field was investigated by Schlieren technique. Visualization and measurement of pressure ratio were conducted simultaneously. The location of the first shock wave L was obtained from Schlieren pictures.
In the present experimental conditions, it is found that the time delay exists for response of change of flow to change of pressure ratio at > 0.229 (1/s) for Case 1 and > 0.338 (1/s) for Case 2. The results were determined from the change in position of the shock wave in the nozzle.
Numerical Simulation

Numerical Methods
Computational Fluid Dynamics simulations were carried out under conditions that replicate the experimental investigations of hysteresis phenomena of shock waves in the straight part of the nozzle. The flow under study was treated as compressible, viscous, unsteady and turbulent. The governing equations are given by the conservation forms of mass, momentum and energy. The axisymmetric, mass averaged, time-dependent Navier-Stokes equations, with the two-equation k-ω SST (ShearStress Transport) turbulent model (17, 18, 19) are employed in the present computation.
(1)
where F and G are the inviscid and viscous flux vectors in standard conservation form, and Q is the dependent vector of primary variables.
where H is total enthalpy per unit mass and is related to the total energy E by;
, where E includes both internal energy and kinetic energy. The preconditioning matrix is included in Eq. (1) to provide an efficient solution of the present axisymmetric compressible flow. This matrix is given by; where ρ T is the derivative of density with respect to temperature at constant pressure. The parameter θ is defined as; (4) In Eq. (4), the reference velocity U r is chosen such that the Eigen values of the system remain well conditioned with respect to the convective and diffusive timescales and C p is the specific heat at constant pressure.
The preconditioned governing equations are discretized spatially using a Finite volume scheme, in which the physical domain is subdivided into numerical cells and the integral equations are applied to each cell. Also, for the time derivatives in the governing equations, an implicit multistage time stepping scheme, which is advanced from time t to time t + ∆t with a 2nd order Euler backward scheme for physical time and implicit pseudo-time marching scheme for inner iteration, is used.
The computational domain and boundary conditions for simulating the hysteresis phenomena in the straight part of the Laval nozzle in the present study are illustrated in Fig. 3 . Axisymmetric geometry is considered. The boundary conditions used are the inlet total pressure and the outlet static pressure respectively. At the walls, adiabatic no-slip conditions are applied. In order to ensure domain independent solutions, the upstream domain in the present computations extends straight to the distance of 10D t upstream from the nozzle inlet, and the downstream extends straight to 8.33D t from the nozzle exit and then extends again to the distance of 100D t both in the x-and ydirections, respectively.
A structured grid system was employed in the computations. The fineness of the computational grids was examined to ensure that the obtained solutions were grid independent. The grids were densely clustered in the near wall regions to capture the flow features in the boundary layers. A solution convergence was obtained when the residuals for each of the conserved variables were reduced to below the order of magnitude 4. The net mass flux was also checked and there was only an allowable imbalance through the computational boundaries.
Computational Procedure
Flow fields involving hysteresis cycles had been computed by numerical simulations (20) , in which the flow boundary conditions are systematically changed to obtain each of the quasi-steady solutions. Fig. 4 shows the computational procedure for the process of the startup transient, in which the pressure ratio is increased. The steady supersonic Laval nozzle flow of φ = φ st is computed and the resulting solutions are used as the initial conditions for the first step of the process of the startup transient. In the second step, the pressure ratio is increased by ∆φ and the computation is repeated until the transient process is completed, thus leading to a quasi-steady state, as indicated by the black circle. The computed Conversely for the shutdown transients, wherein the pressure ratio is decreased; the final quasisteady solutions are used as the initial conditions. For reference, in the present study, φ st = 2.17, φ fi = 3.02, ∆φ = 0.029 and ξ = 2000. Through such a series of computations, the quasi-steady solutions obtained during the startup and shutdown transients are compared to investigate the hysteretic behavior of shock waves generated in the straight part of the supersonic nozzle.
Results and Discussions
Experimental Results
The Schlieren photographs of the flow fields for straight channel (Case 1) and divergent channel (Case 2) are given by Fig. 5 and 6 respectively. Values of rate of change of the pressure ratio with time for the straight channel and divergent channel are 0.131 (1/s) and 0.138 (1/s). In both figures, the left side sequence represents the increasing process of pressure ratio and the right side represents the decreasing process of pressure ratio. As seen from these figures, there are differences between the locations of the first shock wave even at the same pressure ratio. Fig. 7 shows the effect of on the location of the first shock wave L/D t , measured from the nozzle throat, in the range from 0.107 (1/s) to 0.331 (1/s). As evident from figure, hysteresis loops exist at the course between A and B. Processes of variation between A and B follow the same course below = 0.289 (1/s). Similarly, for Case 2, the experimental results explaining the effect of the rate of change of pressure ratio with time, on the location of the first shock wave L/D t is shown in Fig. 8 . Here, is range from 0.112 (1/s) to 0.338 (1/s). Here too hysteresis loops exist at the course between A and B. Processes of variation between A and B follow the same course below = 0.318 (1/s). Fig. 9(a) and (b) show the relationships between L/D t and pressure ratio φ in case of occurrence of hysteresis phenomena for Case 1 ( In our previous investigations on supersonic jet, the maximum mass flow rate in the jet within a certain pressure ratio changes with pressure ratio and this condition is in tune with the range of occurrence of the hysteresis phenomenon. From this result, it is considered that the mass flow rate is related to the hysteresis loop generation mechanism. However, as the flow has a nonlinear nature, the flow field is changed by influence of initial state of the entire flow field. Therefore, in order to understand the phenomenon, the flow inside and outside the nozzle should be considered.
Computational Results
In order to confirm the existence of hysteresis phenomena for shock wave in the supersonic nozzle, a computational study is conducted in a ∆φ · range of pressure ratio from φ = 2.17 to 3.02. Fig.  10 shows the computed density contours in the straight part of the nozzle for the range of φ = 2.2 to 3.02. The results confirm the formation of shock wave in the straight part of the nozzle. Some normal shocks are also formed due to the sudden rise in temperature across the shock as explained in the previous works (15, 16) . During the startup transient of supersonic nozzle flow, at pressure ratio φ = 2.2, the oblique shock wave (first shock) is located just at the beginning of the straight part of the nozzle. As φ increases to 3.02, the first shock wave moves downstream with stronger magnitude. At φ = 3.02 which corresponds to the final steady state in the startup transient, the computed flow field is nearly the same to that employed as the initial conditions in the shutdown transient. In the shutdown transient, as φ decreases again to 2.2, the shock wave moves upstream and the strength seems to be stronger than those found in the startup transient. From a series of computations, it is found that the location and strength of the first shock wave is significantly different in the processes of the startup and shutdown transients. This clearly revealed that there exit a hysteretic behavior in the formation of shock wave in the straight part of the supersonic nozzle for the range of pressure ratio φ = 2.2 to 3.02. More quantitative data for hysteresis phenomena is presented in Fig. 11 , where the location of first shock wave L/D t , measured from the nozzle throat, in the straight part of the nozzle during the processes of shutdown and startup transients are plotted against pressure ratio φ. In the process of the startup transient, the position of the first shock moves downstream with an increase in φ. On the contrary, in the process of the shutdown transient, the shock position moves upstream with a decrease in φ. Hysteresis loop in the location of shock wave is found in both the transient processes. Fig. 12 shows the hysteretic behavior in the shock strength which is corresponds to the static pressures p/p b behind the shock. In the process of the startup transient, the strength of the first shock increase with an increase in φ. On the contrary, in the process of the shutdown transient, the shock strength decreases with a decrease in φ. Therefore, the hysteretic behavior is produced during both the processes of the startup and shutdown transients.
Conclusion
Experimental and computational studies were carried out to investigate the hysteretic behavior in the formation of shock waves in supersonic nozzle. The axisymmetric, unsteady, compressible NavierStokes equations were solved numerically to simulate the flow field concerned with the hysteretic behavior during the processes of the shutdown and startup transients of supersonic nozzle flow. Hysteresis phenomena for the location of shock wave in a supersonic nozzle were investigated experimentally. As per the results, hysteresis phenomenon for shock wave in the Laval nozzle was confirmed at a certain specific condition. The relationship between hysteresis phenomenon and the range of the rate of change of pressure ratio with time was shown experimentally. The existence of hysteretic behavior in the formation, both the location and strength, of shock wave in the straight part of the supersonic nozzle within a range of pressure ratio has also been confirmed numerically.
